In this paper, we present a quantum theory for field propagation through a three dimensional dielectric when the third order dispersion and the attenuation coefficients are included. A unique Lagrangian is defined leading to the correct equation of motion and the classical Hamiltonian. It is assumed that the dielectric has a combination of inhomogeneity, dispersion and nonlinearity. By employing constraint quantization approach the final Hamiltonian is expanded in terms of properly defined annihilation and creation operators. We obtain the quantum fields (quantum photon-polaritons fields) for propagation through the dielectric in the presence of the third order dispersion and the attenuation coefficients by using these annihilation and creation operators. The number operator in the final Hamiltonian indicates the number of photon-polaritons in the medium. The nonlinear part of the Hamiltonian could be derived by defining displacement field operator in terms of annihilation and creation operators. As a simple example, the present quantum theory is applied to field propagation through a one dimensional slab.
INTRODUCTION
Light-matter interaction, especially its nonlinear interactions, has been at the center of attention of scientists since 1960s [1] which has resulted to the developments in science and technology. Initially, the scientists tried to prevent the negative effects of nonlinear optical deficiencies [2, 3] . Later, the nonlinear optical effects were used in favor of the advancement of science and technology [4, 5] . Dependence of refractive index of the governing matter on the frequency of light [6] , the intensity of light [7, 8] , invention of metamaterials [9] , multiphoton absorption [10] , nonlinear scattering [11] , nonlinear effect of pulsed light [12] , solitons [13] and optical bistabilities [14] are important aspects of the developments in optics for the past 50 years of scientific and technological advances. Quantum treatment of optics and nonlinear optics opened new windows in which novel phenomena were discoverd with no classical counterpart in optics and specifically in nonlinear optics [15] [16] [17] . Therefore, the quantum treatment of pulse propagation in dielectrics, specifically in dispersive and/or nonlinear media, is essential for a detailed understanding of optical phenomena, if these phenomena are to be exploited to their full potential. An approach, which could always be applied, is to model a dielectric in microscopic perspective. However, this method has not been applied widely due to the complicated internal structure of a dielectric. Alternatively, macroscopic theories for nonlinear dielectrics are devised and applied with minimal complexity. Bloembergen's pioneering work [18] to describe the classical theory of nonlinear optics initiated expanding activity on the field. To quantize the electromagnetic fields, the canonical variables are to be defined by applying the classical field equations in nonlinear optics. Jauch and Watson took the first step to introduce the canonical theory for the light intraction with dielectrics [19] . They applied a canonical theory to study the homogeneous and linear non-dispersive medium. Nonetheless, their model was incomplete owing to the invention of laser generating the nonlinear optical phenomena in a dielectric. Several methods were devised to develop the canonical theory for a dielectric [20] [21] [22] but none of them could quantize inhomogeneous nonlinear dispersive dielectrics. Hillery and Mlodinow [23] invented a method making use of the electric displacement fields as canonical variables for the quantization of the nondispersive, nonlinear and homogeneous dielectric medium. Lossless dielectric was assumed for the early quantum treatments of the nonlinear field propagation through a homogeneous dielectric [24] . Drummond and his coworker considered dispersion up to second order in their quantum theory for a lossless nonlinear homogeneous dielectric [25] . Their theory could introduce quantum solitons [26] , which are observed in fiber-based optical system in years afterwards [27] . In general, a combination of dispersion, nonlinearity and inhomogeneity exists in real dielectrics (e.g. optical fiber). Therefore, it is necessary to integrate Hillery and Mlodinow's microscopic nonlinear theory [23] with the techniques describing dispersion and inhomogeneity of dielectric media. Effective Hamiltonians [28] , being widely used in quantum optics, were used in most applied techniques. Therefore, to tackle complicated problems in linear and nonlinear optics, one should obtain the corresponding Hamiltonian leading to canonical quantization. The method introduced by Kennedy and Wright [29] for quantization problem led to a correct axial field equation but the obtained Hamiltonian was different from the system's classical energy. For the first time, the field propagation in a dispersive nonlinear inhomogeneous dielectric including the second order dispersion was quantized by Drummond [30] . Carter [31] extended the previous quantum theories for pulse propagation along an optical fiber making use of different Hamiltonians. The generation of quantum states have been investigated taking into account the nonlinear properties of pulse propagation through optical fiber while it was applied to quantum non-demolition experiments [32] , generation of Schrodinger's cat states [33] , generation of entangled photon pair [34] [35] [36] and the parametric down conversion [37] . Third order dispersion coefficient and attenuation of media are neglected in the available quantum treatments of the pulse propagation through a dielectric in the literature. Due to the important role of third order dispersion coefficient [4, 5] on optical phenomena, especially when second order dispersion coefficient is zero or infinitesimal, it is essential to include the third order dispersion coefficient. Also, to achieve more reasonable and accurate results, the attenuation of medium must be considered in a theory for quantization of the pulse propagation through a dielectric. Similar to some other phenomena in physics [38] [39] [40] , field propagation in dielectrics, such as optical fibers, experiences noise of different sources [41] [42] [43] [44] . For example supercontinuum generation [45, 46] suffers up to 50% fluctuation in its temporal intensity profile, affecting its usage in many applications [47] [48] [49] [50] [51] . As part of the noise has quantum origin, further investigation on the quantum aspects of field propagation in dielectric media is essential. In this paper, implementing the Drummond's method [30] , we present a quantum theory for the three dimensional field propagation in a real dielectric. Our system has a combination of inhomogeneity, dispersion and nonlinearity including third order dispersion term as well as attenuation term. Here, it is assumed that the attenuation factor is approximately constant over our considered frequency region. This theory has the ability to add the higher order dispersions and higher nonlinear terms into the governing equations. One can find the one dimensional example of this theory in the appendix.
CLASSICAL ENERGY AND EQUATION OF MOTION
As methodological standpoint to establish a theory for quantization of the pulse propagation through a dielectric, it is necessary to define a canonical Lagrangian. Its resulted Hamiltonian and equations of motion should respectively be equal to the classical energy and the equations of motion (Maxwell's equations) of the considerd system, in order to this canonical Lagrangian be correct. Here, the classical energy and the equations of motion are given for the pulse propagation through a dielectric in presence of third order dispersion and attenuation terms. We introduce the usual definitions used in the classical electrodynamics that have been also implemented by Drummond [15] and Hillery [16] . One can write the energy density for an electromagnetic radiation as:
where the energy derived from the linear part of the fields is usually the largest part of the energy. The Fourier transform of each field (e.g. electric field),
could be introduced in equation 1. As the fields are real; i.e. E (t, x) = E (t, x), E (−ω, x) = E (ω, x) and (−ω, x) = (ω, x), one can straightforwardly arrive at ( (−ω, x)) = ( (ω, x)) and ( (−ω, x) = − ( (ω, x)) where and denote the real and the imaginary patrs of the dielectric's permitivity tensor, respectively. The imaginary part of the dielectric's permittivity is the cause of attenuation. Nonetheless, we rewrite E(t, x) · ∂D(t, x)/∂t as a product of the two Fourier integrals as:
It is assumed that the imaginary part of permittivity is frequency independent over the considered frequency region ( ( (ω, x) = ( (x))) and also, ( ( (ω, x)))
Applying a similar argument towards the magnetic part of the energy and considering the fact that magnetic permeability is independent of frequency, the relation:
is derivrd. To follow, one can split each part of the frequency integral of equation 3 into equal parts. Substituting −ω and −ω for ω and ω , respectively, in one of the integrals, inserting in Eq. 1 and integrating over time to find the electric energy density, one can obtain:
assuming all the local fields and stored energies are initially zero at t = −∞. For a narrowband field at a frequency, ω 0 , there are significant contributions to the integral in Eq. 5, at ω = ω +∆ω ≈ ±ω 0 . Note that near ω 0 , the relation:
holds. If ∂ (ω ( (ω, x))) /∂ω varies slowly over the field bandwidth, one can obtain the time averaged linear dispersive energy for the pulse propagation through a dielectric in presence of the attenuation term for a monochromatic field at frequency ω as (for details see suplementary):
which it can be written in terms of displacement fields as:
where
and ( ( (ω, x)))
is approximately constant over the frequency region. Making use of a dual potential function [15, 16] , Λ, let's define the electric displacement and magnetic fields, respectively, as:
and
for
where 2N + 1 narrow-band field number (mode number), ν, is included in the field. Expansion of η (ω, x) up to the third order in Taylor series near the narrow-field frequency, ω ν , leads to:
where η ν (x), η ν (x), η ν (x) and η ν (x) are defined in suplementary. The higher order derivatives of expansion 12 are neglected with respect to the second order (if non-zero) and the third order terms in many applications of optical fibers. Hence, the expansion 12 is valid for nearly all applications. It can easily be shown that the term η ν (x) does not appear in the linear dispersive energy, Eq. 8. Using the slowly varying envelope approximation [30] and the superposition principle over narrow-band field numbers −N to N , the average linear dispersive energy for a wideband field could be expressed in terms of the local fields and their time derivatives at the frequency ω ν as:
where the time and the position vector dependence of the dual potential function are omitted to shorten the last equation. The nonlinear part of energy should also be considered as nonlinear features of dilecterics have acquired strong momentum for a vast number of research. Physically, the medium response functions are frequency dependent. However, in the case that response time is relatively fast, one can neglect the frequency dependence of the medium nonlinear response functions. Here, the Maxwell's equations are the equations of motion for the pulse propagation through a dielectric. ∇ × D = 0 and ∇ × H =Ḋ are satisfied by definition 9 and 10, respectively. Also, it is understood that the dual potential must be a transverse field as ∇ · B = 0. So the main equation of motion is ∇ × E =Ḃ where E could be generally given by [1, 5, 15] :
where η (n) is the n th -order nonlinear response of the medium. It should be noted that η in Eq. 12 is the real part of the linear response of the medium and, therefore, it is equal to η (1) . However, the quantities η (n) having n > 1 are assumed to be real and independent of frequency. Nonetheless, the total energy can be written as:
By implementing the Hillery's method [16] and using the nonlinear polarization term in Maxwell's equations [1, 5] , the nonlinear part of energy is obtained as:
As our goal is to define a proper canonical Lagrangian, here, its resulted equation of motion should be equal to the equation of motion for the present system which is written in terms of dual potential for a mode number, ν, as:
by applying the slowly varying envelope approximation. Here, the slowly varying envelope approximation requires that e
is treated as a slowly varying envelope function of τ and it can be expanded in a Taylor series near τ = 0. Generally, a term proportional to η ν (x) does not appear in the linear dispersive energy expression of 13. However, a term proportional to η ν (x) appears in the wave equation as a result of changes in phase velocity due to dispersion. It should be noted that when the terms proportional to η ν (x) and ζ ν (x) are neglected, the equations 13 and 16 are similar to the corresponded equations in reference [30] .
CANONICAL LAGRANGIAN AND HAMILTONIAN FUNCTIONS
In order to establish a quantum theory for the pulse propagation through a nonlinear dispersive dielectric in the presence of the third order dispersion and the attenuation, we define a canonical Lagrangian leading to equation of motion 16 and the Hamiltonian equivalent to H T . Here, the dual potential, Λ ν , is a kind of gauge and it could be considered a transverse field which is similar to the choice of Coulomb gauge used to quantize the electromagnetic field in free space. However, it is important to note that, since Λ ν is different from the vector potential, the choice of gauge is not exactly identical to the Coulomb gauge. As it is obvious, the Lagrangian must be a function of the dual potential and its time derivatives. To obtain the equation of motion from a Lagrangian, these equations are reduced to their transverse form using the transverse Euler-Lagrange equations,
For the present system, we derive a proper form for the linear and nonlinear parts of the Lagrangian as (for details see suplementary):
where the total Lgrangian can be written as
The linear part of Lagrangian, Eq. 18, includes the third order dispersion and attenuation. The canonical momenta, the equation of motion and the Hamiltonian will, respectively, be:
By neglecting the third order dispersion term, η ν (x) , for a lossless dielectric, the linear Lagragian agrees with Eq.(3.117) in ref. [15] . In summary, the results obtained implementing the total Lagrangian, L T , agree in both dynamics and energy with the results obtained from Maxwell's equations and Poynting's theorem for slowly varying envelope functions. So, the total Lagrangian, describing the field propagation through a medium with a combination of dispersion, attenuation, nonlinearity and inhomogeneity, is unique as one can derive the correct equation of motion and the Hamiltonian. Additionally, the linear Lagrangian 18 describes the system in the framework of a local field theory of a linear dispersive medium in presence of attenuation. The first and the last terms of the linear Lagrangian and the linear Hamiltonian resemble a massless boson, while the remaining terms indicate dispersive and attenuating corrections.
FIELD QUANTIZATION
According to quantum field theory, quantization procedure is done by imposing Dirac's commutation relations. For the considered system, Dirac's commutation relations for the components of vector operatorsΛ ν andΠ ν are:
Since the dual potentials and their cononical momenta are transverse, the commutation relations 23 are transverse. Equation 23 expresses that our system is a kind of constrained system [52] because there is no standard commutation relations. To extend the common approach of quantization to this constrained quantization, it is necessary to construct the appropriate form of the Dirac commutation relations for new coordinates. For this perpose, the dual potential functions are expanded in terms of spatial modes as:
to rephrase the constraint, where the expansion coefficients are the new coordinates, λ ν k,α . By inserting the expansion 24 into equation 18, the linear part of Lagrangian is obtained as:
One can simplify the linear Lagrangian 25 as (for details see suplementary):
by omitting the summations over (k, α, k , α ) and the corresponding indices for simplicity. In order to rephrase the constraint and obtain standard commutation relations, the new canonical momenta corresponding to the new set of coordinates are derived as:
It is straightforward to find the linear part of Hamiltonian in terms of the new canonical coordinates and momenta as:
where the transformation matrix A ν is an arbitrary invertible complex matrix to be defined. On the basis of quantum field theory, it is found that the operatorsâ ν andb ν have the character of annihilation operator, while (â ν ) † and bν † are creation operators. Commutation relations for these two operators are:
For the case ν = 0, one can conclude thatâ 0 andb 0 are not independent operators when the Hamiltonian 29 describes a lossless nondispersive medium, therefore, onlyâ 0 will be used. The Hamiltonian 29 can be written in terms of the creation and the annihilation operators as:
where Ω ±ν are defined as frequency matrices and the relations:
hold by equating two forms of Hamiltonian 29 and 37, while neglecting zero point energy. To calculate the equations 38, the Heisenberg's equation and the Hamiltonian 37 are applied for obtaining the dynamics of the operators aŝ
The equations 38 are valid, if the determinants of the matrices M (i)ν , Ω ±ν and A ν are non-zero. The frequency matrices Ω +ν and Ω −ν should have no zero eigenvalues for this theory to be valid, otherwise, one needs to change the formalism to exclude the zero eigenvalues of these matrices. The relation:
holds for the matrices A ν by eliminating Ω ±ν in equations 38. It could be shown that equation 37 holds only when A ν is a solution to quartic matrix equation 39. The corresponding frequency matrices are found as:
In general, the resulted Hamiltonian is not diagonal as M (1)ν to M (4)ν matrices are not diagonal. The matrices Ω ±ν could be diagonalized to obtain different frequency bands as:
resulting in the diagonalized Hamiltonian:
Implementing this method, two sets of modal solutions for the diagonalized operatorsã ν andb ν are resulted. A set of normal modes corresponds to the diagonal operatorsã ν , and a set of anomalous modes corresponds to the diagonal operatorsb ν . The anomalous modes generate envelopes comprising of negative frequencies while the Taylor's expansion will not be valid. However, these anomalous modes are a part of the Lagrangian. Therefore, as their corresponding dynamics are outside the range of validity of the used approximations, so we neglect them. In equation 42, the operators indicate the numbers of photon-polaritons of the system. It should be noted that the quantities M (1)ν to M (3)ν defined by equations 26, change when the third order dispersion and the attenuation are absent while M (4)ν and M (1 )ν are zero. By neglecting the anomalous modes, one can calculate the nonlinear Hamiltonian,
making use of the dual potentials in terms of annihilation operatorŝ
. Therefore, the displacement and the magnetic field operators in terms of the annihilation and the creation operators are:
respectively. The established theory could properly quantize the electromagnetic radiation in a three dimensional dielectric in presence of third order dispersion and attenuation term. By inserting Eq. 47a into Eq. 45, the nonlinear Hamiltonian will be obtained in terms of the annihilation and creation operators. To calculate the nonlinear Hamiltonian correctly, it is necessary to know the detailed information on the nonlinear parameters of the medium. As F ν is a complex quantity due to presence of the attenuation term, M (1 )ν , A ν and ω ν n are complex, consequently. By neglecting the anomalous modes, the Hamiltonian 42 can be re-written as:
where γ ν n = (ω ν n ) and α ν n = (ω ν n ). Applying the method introduced in [42] , one can obtain a coupled stochastic nonlinear Schrödinger equations describing pulse propagation through a one dimensional slab quantum mechanically in the presence of the attenuation term (loss). A Gaussian pulse of peak power 10W and the width of 1ps is assumed to be launched into a slab waveguide and the evolution of the pulse along the slab is simulated in the mean case [53] as shown in fig. 1 . The wavelength dependence of the pulse exiting the slab of 500m long is shown in fig. 2, while  fig. 3 presents the evolution of the pulse in the first 25m of the slab. See the detailed characteristics of the slab in the caption of fig. 1 . 
CONCLUDING REMARKS
In summary, a canonical Lagrangian was defined to include the third order dispersion and the attenuation coefficients by introducing a dual potential. This Lagrangian resulted in the correct equation of motion and the classical energy for the field propagation through an anisotropic inhomogeneous dispersive dielectric where the third order nonlinear term is not negligible. Using the derived Lagrangian, a new set of canonical coordinates and momenta were obtained while commutation relations were derived employing constraint quantization approach. In turn, the creation and the annihilation operators were defined obeying the proper commutation relations. According to the presented theory, we acquired the total Hamiltonian for the field propagation through anisotropic inhomogeneous dispersive dielectric and quantized the electric displacement and magnetic fields. Hence, by defining proper creation and annihilation operators for the linear and nonlinear parts of the system, we derived the Hamiltonian in terms of these operators. This enabled us to include the third order dispersion and the attenuation into field propagation in dielectrics. This theory can be applied to the propagation of quantum solitons and their interactions in the presence of the third order dispersion and the attenuation terms by using the method presented in [42] . Additionally, in resemblance to other physical phenomena, there are noises present in nonlinear optical phenomena including quantum noise. This work could be applied to reduce these fluctuations and quantum noise in the vicinity of the solitons formed in the presence of the third order dispersion and the attenuation coefficients in dielectrics such as fibers [42] . Furthermore, the supercontinuum generation as well as soliton self-frequency shift phenomena could be studied quantum mechanically, if the retarded nonlinear response of the medium is considered.
Appendix
Here, we present a one-dimensional example of the problem for a plane wave propagating along the z-direction and containing a single transverse mode ν 0 . The dual field is defined as, Λ(t, x) = Λ(t, z)x, where the electric displacement vector, the magnetic field and the integration over the quantization volume are reduced to, D(t, x) =ŷ∂ z Λ(t, z), B(t, x) = µΛ(t, x) =xµ∂ t Λ(t, z) and A L 0 · · · dz, respectively, for the transverse area, A. It is assumed that the response tensors of the medium are homogenous, isotropic and the first non-zero nonlinear term corresponds to η (3) (centro-symmetric media). Therefore, the total Hamiltonian for the field propagation is simplified as:
The scaler field Λ(t, z) for longitudinal modes k is given as:
in terms of the new canonical coordinates, λ ν0 k . Writing equations 27 and 28 for the present single dimensional case, the Lagrangian is given by:
where the canonical momenta associated with λ k and λ † k are while ω(k) is the solution to equations: 
